The Bethe logarithm is calculated for the lowest rotational-vibrational states of H 2 + and HD + hydrogen molecular ions in a wide range of vibrational (v = 0-4) and total orbital momentum (L = 0-4) quantum numbers. Numerical results with eight to nine significant digits are obtained for all the states within this range. This allows us to reduce an error in the leading-order radiative contribution, which results eventually in the relative uncertainty of rovibrational frequency intervals at a level lower than 10 −11 . This high precision is important for the rovibrational spectroscopy experiments of hydrogen molecular ions aiming to determine the electron-to-proton mass ratio.
I. INTRODUCTION
Several laser spectroscopy experiments [1] [2] [3] have been carried out recently to get high-precision measurements of vibrational spectra of the hydrogen molecular ions H 2 + and HD + . Aiming at sub-ppb precision, these measurements are supposed to be used [4, 5] to improve a value of the electronto-proton mass ratio by comparing with theoretical data. The importance of the m p /m e problem is supported by recent experiments [6] with rubidium atoms, which allow to deduce a new value of the fine-structure constant, α = e 2 /(hc), with a relative uncertainty 6.6 × 10 −10 . Further improvement may be hindered by the present limits on the proton-to-electron mass ratio, which is known with a relative uncertainty 5.2 × 10 −10 [7, 8] .
Nonrelativistic energies are obtained with numerical precision of 10 −15 [5, 9] for a wide range of vibrational states and up to 10 −30 [10] [11] [12] [13] [14] for some particular low vibrational states of H 2 + and HD + . To calculate the observable transition frequency interval, one needs as well to include quantum electrodynamics (QED) corrections. For light systems, the most natural way is to use the nonrelativistic QED (NRQED) [15, 16] , where a bound state energy is expanded in powers of the fine-structure constant α. The leading-order relativistic corrections (R ∞ α 2 ) are now available with very high precision [17, 18] . The next term is the one-loop radiative corrections that contribute to the order R ∞ α 3 [17, 19, 20] . The main difficulty at this order is to calculate the Bethe logarithm, and this has remained the major source of numerical uncertainty for the fundamental vibrational transitions [(
+ and HD + ions of about 20 kHz. For higher-order corrections, recoil effects become negligible, and the contribution of the R ∞ α 4 order can already be calculated in a nonrecoil limit [21] with sufficient accuracy.
The major aim of this work is to recalculate improved values of the Bethe logarithm for a wide range (v = 0-4, L = 0-4) of rovibrational states in H 2 + and HD + hydrogen molecular ions using a recently developed method [22] based on direct integration over the virtual photon energy. The latter method evolved from the Schwartz approach [23] , which was the best calculation of the Bethe logarithm for the ground state of a helium atom for over 30 years. Atomic units (h = e = m e = 1) are used throughout the paper.
We use the notation conventional for molecular-type threebody systems. Thus, the space configuration of a molecular ion is described by the following coordinates: r i = r e − R i (i = 1,2) and R = R 2 − R 1 , where R i denotes the position vectors of nuclei. Correspondingly, the charges are Z e = −1, Z 1 = Z 2 = 1 and the masses are m e , M i .
II. THEORY
The complete spin-independent effective Hamiltonian of order R ∞ α 3 and R ∞ α 3 (m e /M) for a one-electron molecular system may be expressed as follows [24, 25] :
where
is the Bethe logarithm. Here, H 0 is the three-body nonrelativistic Hamiltonian and E 0 is an energy of a state with quantum numbers v and L, vibrational and total orbital momentum, respectively. The state is a solution of the stationary Schrödinger equation,
The operators, which appear in Eqs. (1) and (2),
which is the electric current density operator of the system, and Q(r) is the Q term introduced by Araki and Sucher [26] ,
The denominator in Eq. (2) can be expanded as follows:
Here we neglect the small term proportional to δ(R) , because the latter is of order 10 −15 or even less. It is convenient to express the numerator in the form of integration over photon energy [19, 22] :
where E h is the Hartree energy. Thus, β(v,L) may be easily obtained if precise approximation of the following functions is available:
A. Low-energy contribution
For the low-energy part, k ∈ [0,K max ], we solve the equation
using variational expansion for ψ 1 [22] . In earlier calculations, we solved this equation on a sequence of energy intervals
] to comply with the requirement that ψ 1 should contain terms which behave as e − √ 2k r i . If one collects basis sets made up for these intervals into one set of intermediate states, one may expect that the final result would not be less accurate than in a previous approach [19] . On the other hand, the Hamiltonian can be diagonalized to get energies E n and dipole matrix elements ψ 0 |iJ|ψ (n) 1 for states and pseudostates of the Hamiltonian spanned over the subspace of the variational basis set. Then, using obtained data, the function J (k) is expressed as
and integration of (8) can be performed analytically:
Here K max is some intermediate energy (K max ∼ 10 3 -10 5 ), which is taken to optimize the precision of the calculation. The larger K max is, the larger the basis set has to be for the intermediate states to provide the necessary precision for J (k) within the range of k ∈ [0,K max ]. That in turn improves extrapolation of an asymptotic expansion (see the next subsection). On the other hand, convergence of numerical J (k) to its exact value becomes worse with an increase of k, which forces the choice of K max to be as low as possible for a given precision. 
where μ i = m e M i /(m e +M i ) are the reduced masses. In Eq. (10), the coefficient C 3 may be calculated explicitly from the initial state solution:
Subtracting the known terms of the asymptotic expansion from the numerically obtained w(k) [Eqs. (6) and (8)], one may approximate the remaining part by
The coefficients C 1m , C 2m , and C 3m are evaluated by using a least-squares approximation of f fit (k) at a set of points k i ∈ [k min ,k max ] for k min ∼ 10 and k max ∼ 10 3 -10 4 . Then w(k) is integrated analytically on [K max ,∞]. In actual calculations, we use the best fit of f fit (k) with a number of terms n = 10-16.
III. CALCULATION AND RESULTS

For vibrational calculations in H 2
+ and HD + , the wave functions both for the initial bound states and for the 
LM (R,r 1 ) are the solid bipolar harmonics as defined in Ref. [27] , and L is the total orbital angular momentum of a state. Complex parameters α i , β i , and γ i are generated in a quasirandom manner [10] : L . A basis set of intermediate states is composed of a regular part and two extra short-distance trial functions (for r i → 0, i = 1,2) with exponentially growing parameters (see details in Ref. [22] ). To maintain the required numerical stability, quadruple and sextuple precision arithmetics have been used.
The numerically obtained values of C 3 for particular rovibrational states are presented in Table I for the H 2 + molecular ion and Table II for Convergence of the numerical value for the nonrelativistic Bethe logarithm, β (4, 0) , for the rovibrational state with total angular momentum L = 0 and vibrational quantum number v = 4 is studied in Table III [19, 20] has already been discussed in Ref. [22] and is due to inclusion of reduced masses, μ i , in the improved asymptotic expansion [see Eq. (10) For these estimates, we have used numerical data for mean values of operators, δ(r i ) and Q(r i ), obtained with 11 and 8 significant digits, respectively. To do this, the Schrödinger wave functions for the states of interest were calculated with a basis size of N = 5000. The error bar due to numerical evaluation of these operators is below 1 Hz. Uncertainty, which is introduced by the Bethe logarithm calculations, is about 4 Hz for the H 2 + molecular ion, while for HD + it is slightly higher, ∼ 40 Hz. For other transitions, either pure rotational or vibrational overtones, the final fractional uncertainty in theoretical frequency, which stems from the R ∞ α 3 order contribution, does not exceed 10 −11 . In conclusion, a systematic study of the Bethe logarithm for a wide range of ro-vibrational states in the hydrogen molecular ions H 2 + and HD + has been carried out, and numerical accuracy of eight to nine significant digits has been achieved. This allowed us to reduce the numerical errors in the theoretical contribution of order R ∞ α 3 and to comply with precision requirements necessary for a determination of the electron-to-proton mass ratio m e /m p .
